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I. INTRODUCTION
Energy transfer refers to a non-radiative process in which an excited atom or molecule (donor) relaxes with simultaneous excitation of a nearby atom or molecule (acceptor). The energy transfer process affects the luminescent properties of a material in many aspects. For example, energy transfer to defects or quenching centers is known to be responsible for concentration quenching, a phenomenon that decreases luminescence efficiency at high concentrations of luminescent centers in many phosphor materials. 1 Also, sensitized luminescence takes advantage of energy transfer between a sensitizer, which absorbs incident excitation, and an activator, which is excited subsequently by energy transfer from the sensitizer and then emits a photon. 2 Energy transfer is being used in biological and biomedical imaging 3 and is also the underlying mechanism in exciton transport in organic semiconductors. 4 Furthermore, energy transfer is a crucial process in up-conversion phosphors, 5 which absorb two or more lower energy photons and emit a higher energy photon, and quantum cutters, 6 which absorb one higher energy photon and emit two or more lower energy photons. Recently, energy transfer in systems involving fluorescent molecules and surface plasmons has also been observed. 7 The energy transfer process may occur through the electrostatic interaction or through the quantum mechanical exchange interaction between two optical centers. Consequently, depending on the mechanism, the energy transfer process exhibits a unique dependence on the distance between sensitizer and activator: a power law dependence for multipole interaction and an exponential dependence for exchange interaction. While it is generally difficult to control the energy transfer processes, confining energy transfer in low-dimensional structures provides a novel mechanism with which one can manipulate the energy transfer rates among various luminescent and nonradiative centers, thereby strongly affecting the luminescence efficiency. This approach represents a new pathway for developing and engineering luminescent materials and, in principle, any system whose performance is determined by energy transfer. In this paper, we present a comprehensive theoretical framework to describe the energy transfer process based on the Dexter-Förster theory and setup rate equations to account for the interplay between the many participants of the energy transfer processes. We then present two examples to which this theory is applied. We show that, by introducing lowdimensional doping, the luminescence quenching due to nonradiative defects can be greatly suppressed, leading to improved luminescence efficiency. Also, we show that the luminescence up-conversion process can be strongly influenced, potentially leading to enhanced up-conversion efficiency.
II. THEORY
At a low concentration, the optically active ions can be considered isolated, with no interactions among them. When the concentration is increased, or when another type of ion(s) is introduced, the effect of inter-ion coupling must be considered. Although this interaction is too weak to have a significant effect on the position of energy levels, it can be sufficiently strong to enable the migration of excitation from one ion to another. The energy transfer between ions significantly affects the luminescence properties of phosphors. In this section, we theoretically analyze the energy transfer process for low-dimensional doping geometries from both macroscopic and microscopic aspects. First, the microscopic theory developed by Förster  8 and Dexter   2 is applied. Combined with the statistical treatment developed by Huber, 9 the average energy transfer rate for a large number of ions in a particular geometry can then be derived. Finally, a system of rate equations is setup to quantify the macroscopic steady-state behavior and the resulting luminescence properties.
In this work, we consider two low-dimensional doping geometries, shell and plane, as schematically shown in Figs. 1(a) and 1(b) . Shell doping can be applied to phosphor particles, while planar doping can be used in thin film phosphors. In both cases, the donor and acceptor ions are confined within the doping layer only while unintentional defects are distributed uniformly throughout the material. The relevant energy levels and transitions are shown in Fig. 1(c) . In this system, it is necessary to consider three different types of energy transfer processes, donor-acceptor, donor-defect, and acceptordefect transfers. The energy migration among the donors and among the acceptors is treated as a random walk process, which is described by the hopping model. 9 It is important to note that the hopping model is valid if the donor-donor transfer is faster than the donor-acceptor transfer. If this condition is not satisfied, the diffusion model should be applied. 10 In our case, the donor-donor and acceptor-acceptor transfers are resonant-type, while the donor-acceptor, donor-defect, and acceptor-defect transfers are non-resonant-type. Therefore, the hopping model is regarded as a better approach.
For the multipole interaction, the energy transfer rate from a donor ion, D, to an acceptor ion, A, separated by distance r can be written as 
where
e is the electron charge, m is the electron mass, and n is the refractive index of the host material. x is taken as the average frequency of the transitions involved in the transfer pro-
A are the oscillator strengths of the dipole transition for donors and acceptors, respectively, and f q A is the oscillator strength of the quadrupole transition for the acceptor. g D ðEÞ and g A ðEÞ are the normalized emission spectra of the donor ion and the absorption spectra of the acceptor ion. The integral Ð g D ðEÞg A ðEÞdE expresses the spectral overlap between donor and acceptor ions. The parameter, s ¼ 6, 8…, represents the dipole-dipole and dipolequadrupole interactions, respectively. Instead of using the oscillator strength and the integration of the overlap, Eqs. (2) and (3) 
At r ¼ r c , the probability of energy transfer from D to A equals the probability of the radiative emission from D; that is, w DA s D ¼ 1.
We define the energy transfer coefficient for the D-A transfer as c DA ¼ w DA =q A0 , where q A j (j ¼ 0,1) is the population density of acceptors on the jth-level. In the hopping model, 9 the energy transfer coefficient is given as
s 0D is the average time that the excitation resides on a donor ion before hopping to another donor ion. u DD ðtÞ is the donor survival probability with respect to donor-donor transfer in the absence of donor-acceptor transfer. The integration is over the whole doping volume. The energy transfer coefficients for D-defect and A-defect transfers have the same formula as Eq. (5) 
A. Shell doping geometry
Under the continuum approximation, the donor survival probability may be written as 
For the energy transfer rate, w DD , between donors, we will use w DD ðrÞ ¼ a
DA =r 6 , assuming dipole-dipole interaction. r D is the surface density of the donor. s 0D can now be numerically evaluated by Eqs. (6) and (7). If we assume dipole-dipole interaction for the D-A transfer, the energy transfer coefficient for D-A transfer in the shell doping geometry ( Fig. 1(a) 2 sin h cos h dh
For D-A transfer by dipole-quadrupole interaction, the energy transfer coefficient for the shell co-doping geometry becomes
DA =ð2r cos hÞ
DA =ð2rÞ 8 .
B. Planar doping geometry
Under the continuum approximation, the donor survival probability is
Consequently, for dipole-dipole interaction, the energy transfer coefficient for layer doping geometry is given as
For dipole-quadrupole interaction, the energy transfer coefficient for layer co-doping geometry is
C. 3D bulk doping case For comparison's sake, we finally present the case of conventional 3D uniform doping geometry. The donor survival probability is
The hopping time of donor is
For dipole-dipole interaction, the energy transfer coefficient for D-A transfer is
For dipole-quadrupole interaction, the energy transfer coefficient is
Once the energy transfer coefficients are obtained, one can setup the system of rate equations to describe the behavior of the donors and acceptors. If we neglect acceptor to donor back transfer, which tends to be small in most phosphors, the decay of the excited donors and acceptors is given by
Here, N Di and N Ai represent the densities of donor and acceptor ions in the i th state, respectively, where i ¼ 0 is the ground state and i ¼ 1 is the excited state. c DÀdef (c AÀdef ) is the transfer rate from the donor (acceptor) to a defect. r is the absorption cross-section of the donor and U is the incident pump photon flux. W D1 (W A1 ) is the radiative decay rate of the excited state of the donor (acceptor) and q def is the defect concentration. Then the power conversion efficiency is defined as
where I p ¼ hx ext U is the pump power density and x ext and x em are the photon frequencies of the excitation and emission, respectively. 
MnÀMn . As shown, the 2D doping geometries exhibit more efficient power conversion than bulk doping for all parameter values investigated, thanks to the 2D confinement of energy transfer process. Given the same Eu 2þ -Eu 2þ and Mn 2þ -Mn 2þ distances, the donor and acceptor ions have a smaller number of nearest neighbors in the 2D doping geometries than in the 3D doping case. Consequently, the 2D doping has lower energy transfer rates in general. However, the 2D doping configuration affects the energy transfer to defects disproportionately, because the unintentional defects are not necessarily confined within the doping planes, and thus only a small fraction of defects located near the doping plane takes part in the energy transfer process. Therefore, the Eu 2þ -defect and Mn 2þ -defect energy transfer rates are suppressed much more than the Eu 2þ -Mn 2þ energy transfer rates, leading to higher luminescence efficiency. Conversely, this means that the activator concentrations in the 2D doping geometry can be increased further without suffering from concentration quenching. Figures 3 and 4 show the luminescence efficiency as a function of Eu and Mn mole fraction. When the Eu mole fraction is set at 0.1, 2D doping shows higher luminescence efficiency for all Mn concentrations. The difference is the largest near a Mn mole fraction of 0.1, while the difference becomes small at both small and large Mn fractions. In the limit of large Mn fractions, Mn 2þ -defect transfer becomes large and dominates the efficiency calculation. This is shown 
in Fig. 5 , where we have plotted the individual energy transfer coefficients that go into the rate equations. The coefficients for Mn 2þ -defect transfer (solid pink line for 3D bulk doping and dashed pink line for 2D doping) increase with increasing Mn fraction and eventually become almost the same for both 2D and 3D doping cases. As a result, the luminescence efficiency also decreases and becomes almost the same for both 2D and 3D doping cases. In the opposite limit of small Mn fraction, the Eu 2þ -Mn 2þ transfer rate (solid and dashed blue lines in Fig. 5 ) decreases due to the small Mn concentration. This leads to decrease in luminescence efficiency and, once again, the effect of low-dimensional doping diminishes.
The luminescence efficiency as a function of Eu fraction shown in Fig. 4 exhibits a crossover. For Eu fraction less than 0.05, bulk doping exhibits higher efficiency, whereas 2D doping is more efficient for higher Eu fraction. At first glance, this appears to be due to the reduction of the Eu 2þ -Eu 2þ transfer rate, which leads to isolation of the excitation energy in the initially excited Eu 2þ ions. In this regime where no energy migration occurs between Eu ions it should not be important whether the doping is 2D or 3D. It is, however, not entirely clear why the absence of Eu 2þ -Eu 2þ transfer should result in higher efficiency for 3D doping than for 2D doping cases. In order to get a closer look, we plot the individual energy transfer coefficients in Fig. 6 . Comparing the hopping rate for Eu 2þ -Eu 2þ transfer (black solid line) and the Eu 2þ -Mn 2þ transfer rate (blue solid line) in the 3D bulk doping case, the crossover does not occur until the Eu fraction becomes very small. In other words, the regime where there is no Eu 2þ -Eu 2þ transfer corresponds to an Eu fraction less than 0.02. But Fig. 4 shows the crossover in luminescence efficiency occurs at a higher Eu fraction near 0.05. Thus, the suppression of Eu 2þ -Eu 2þ transfers alone cannot explain the observed crossover in efficiency. Instead, the observed behavior is due to the fact that, in 2D doping, the Eu 2þ -Eu 2þ and Eu 2þ -Mn 2þ transfer rates decrease rapidly, while the Eu 2þ -defect transfer rate decreases much more slowly. This is shown by comparing the black, blue, and green dashed lines in Fig. 6 Besides the linear energy transfer discussed above, many rare earth fluoride-based phosphors present the ability to upconvert infrared radiation into the visible region. This is a stepwise process based on the sequential absorption and energy transfer steps involving metastable excited states of activators. 18, 19 Through N-step energy transfer, N photons of lower energy can be converted to one photon of higher energy. For this reason, it is also called energy transfer up-conversion (ETU). ETU is much more efficient than the two-photon absorption (TPA) process and thus low intensity laser or lamp excitation can be used. Up-conversion phosphors based on the ETU mechanism have been used in solid state lasers, 20 flat panel displays, 21 biological labeling, 22 and photovoltaic devices. 23 In this paper, we investigate the up-conversion processes in single-crystalline Na 2 Y 3 F 11 (NYF):Yb 3þ , Er 3þ . Although NaYF 4 :Yb 3þ , Er 3þ powders are known to exhibit somewhat higher up-conversion efficiencies, we chose single-crystalline Na 2 Y 3 F 11 (NYF):Yb 3þ , Er 3þ because the relevant parameters required for this study are well known for this material. The crystal structure is cubic with a lattice constant a ¼ 5.508 Å , and the refractive index of the crystal is 1.46. 24 A schematic diagram of the energy levels and allowed transitions are shown in Fig. 7(a) S 3/2 to the ground state. A detailed consideration of all possible transition processes shows that cross-relation processes are very likely as a result of the large number of higher energy levels in rare-earth elements. Consequently, it is found that a major quenching channel of the up-converted green emission is the crossrelaxation between Er 3þ -Er 3þ pairs, as schematically shown in Fig. 7(b and is a non-radiative energy loss process. The crossrelaxation process thus limits the concentration of Er 3þ ions and presents an upper limit on the up-conversion efficiency and also explains why the most efficient up-conversion phosphors typically have a high concentration of Yb 3þ ions to absorb the infrared photons and transfer energy to a smaller concentration of Er 3þ ions. In order to properly describe the up-conversion process, the rate equations given in Eqs. (18)- (21) Here, N Ai (N Di ) is the population density of the acceptor (donor) ith-level, c di (c id ) is the forward (backward) transfer coefficients between the donor and the ith-level of an acceptor, and c 30 is the coefficient for Er-Er cross-relaxation. The values of parameters used in solving the rate equations are listed in Table II. 2, [25] [26] [27] When the rate equations are solved, the upconversion efficiency can be calculated by Figure 8 shows the calculated up-conversion efficiency for the concentrations of 1.08 Â 10 27 m À3 for Yb 3þ and 1.2 Â 10 26 m À3 for Er 3þ . As before, bulk doping is the case where the dopants are uniformly distributed in 3D space, whereas plane and shell doping represent the 2D geometries described earlier in Sec. II. In both bulk and 2D doping cases, the efficiency increases almost linearly with pump intensity. This implies the output intensity of the up-converted luminescence would increase as the square of pump intensity, which is the characteristic of the ETU process with N ¼ 2. In this system, however, the efficiency turns out to be lower for the 2D doping geometry than for 3D bulk doping. The primary reason for this is the quenching mechanism for Er 3þ luminescence, which, in this system, is not energy transfer to defects, but a consequence of the cross-relaxation between Er 3þ ions. Figure 9 shows the energy transfer coefficients as a function of Er 3þ fraction. As before, the energy transfer rates are generally lower for 2D doping than for 3D doping. However, the cross-relaxation rate decreases much less than other energy transfer rates. This can be seen by comparing the red curves in Fig. 9 , which represent the coefficients for Yb 3þ -Er 3þ energy transfer, with the blue curves, which show the cross-relaxation between Er 3þ ions. Comparing red solid and dashed lines reveals that the Yb 3þ -Er 3þ energy transfer rate is about 30 times smaller in the 2D case than in the 3D case. However, the blue curves show the difference is only about a factor of 4. As a result, a relatively high cross-relaxation rate persists in the 2D doping and consequently leads to lower up-conversion efficiency. The main reason the crossrelaxation rate remains high in the 2D doping case is because it does not involve energy migration or the "hopping" process. Yb 3þ -Er 3þ , Yb 3þ -defect, and Er 3þ -defect energy transfer processes all involve hopping-i.e., the excitation migrates over many donor (Yb 3þ ) ions before finding an acceptor. It is easy to see intuitively that the hopping process will be greatly affected by the doping geometry. By going from 3D doping to 2D doping, the hopping process is greatly suppressed, resulting in a very large decrease in energy transfer rate. In contrast, the cross-relaxation process is inherently a process between two Er 3þ ion pairs without any excitation energy migration over Er 3þ ions. This therefore leads to only a modest decrease in cross-relaxation rate by changing the doping geometry to 2D from 3D.
This study reveals an important conclusion that the lowdimensional doping affects, most significantly, the energy transfer processes involving energy migration over donors and is less effective when energy hopping over donors is weak or nonexistent. We have, in fact, seen this effect in the previous example of BAM:Eu 2þ , Mn 2þ . In Fig. 4 , the luminescence efficiency is higher for 3D doping than in 2D doping when the Eu 2þ concentration is very small. This is precisely the result for a small Eu 2þ -Eu 2þ hopping rate. When the Eu 2þ concentration is low, the average distance between Eu 2þ ions is large, resulting in a lower energy transfer rate between Eu 2þ ions. The suppression of donor-donor transfer makes the Eu 2þ -defect energy transfer process an interaction between a pair of one Eu 2þ ion and one defect, very much like the cross-relaxation process between a pair of Er 3þ ions. Therefore, relatively high Eu 2þ -defect energy transfer rates persist in the 2D doping case, negating the positive effect of 2D doping.
To further illustrate the point, we investigate the hypothetical case in which the dominant quenching mechanism in NaYF 4 :Yb 3þ , Er 3þ is the energy transfer to defects. For this, the rate equations are modified by substituting the crossrelaxation term with defect transfer term. Now the quenching mechanism involves energy migration over donor ions and is strongly suppressed by the 2D doping. As a result, the upconversion efficiency is significantly increased, as shown in Fig. 10 . We will not discuss how much the efficiency can be increased, because the assumption of luminescence quenching by defect is hypothetical and the parameter values, such as defect concentration, have not been verified experimentally. However, Fig. 10 does show that the effect of lowdimensional doping is much more pronounced when the quenching mechanism involves donor-donor transfer. This result points to new directions in the up-conversion phosphor development, where low-dimensional doping is used in a system of ions with small cross-relaxation rates and significant defect quenching.
Finally, we comment on the effect of finite thickness of the doping layers. In the theory and the two examples discussed above, low-dimensional doping assumes a single atomic layer of dopant ions. When the doping layer thickness is finite, the ions at different locations would have different energy transfer rates. In this case, weighted average energy transfer rates should be considered. But if the doping thickness is less than critical distance, this difference can be neglected 28 and the pure 2D treatment presented in this paper should be applicable. For BaMgAl 10 O 17 :Eu 2þ , Mn 2þ , the critical distances, as given in Table I , are between 1 and 2 nm. Similar numbers are expected for Na 2 Y 3 F 11 :Yb 3þ , Er 3þ . 29 For the two examples discussed in the paper, therefore, the 2D doping effect will be pronounced for extremely thin doping layers only. We note, however, the critical distance can be much larger in other systems, 28 which should make the implementation of 2D doping easier. To further validate our discussion on the stringent thickness requirement in the two examples discussed in this paper, we conducted upconversion efficiency calculations for finite thickness doping layers in Na 2 Y 3 F 11 :Yb 3þ , Er 3þ by taking weighted average of energy transfer rates for ions at different locations. For the same ion concentrations as given in Fig. 8 and at the pump power of 1 W/cm 2 , the up-conversion efficiency reaches the same order of magnitude as that for the bulk 3D doping case. To be specific, the up-conversion efficiency was 2.8 Â 10
À6
for monolayer 2D doping, 1.77 Â 10 À4 for 3D bulk doping, and 3.09 Â 10 À4 for 10 atomic layers of 2D doping. The small difference between the 3D bulk doping and 10-layer doping cases was attributed to the approximation in choosing the integral volume in the finite thickness 2D doping calculations. This calculation confirms that the low-dimensional doping effect is expected for a small doping layer thickness of only a few atomic layers.
V. CONCLUSIONS
A theoretical model for energy transfer processes in low-dimensional doping systems has been developed and applied to both conventional down-conversion and upconversion phosphor systems. The model based on the För-ster's theory of energy transfer is quite generic and can be applied to any system for which relevant parameter values are available. The model was first tested by application to BaMgAl 10 O 17 :Eu 2þ , Mn 2þ and predicted enhanced luminescence efficiency for the low-dimensional doping by up to a factor of 2. The advantages of low-dimensional doping disappear when the Mn concentration is either very small or very large. Also, at very small Eu concentrations, bulk 3D doping shows higher efficiency than 2D doping. These behaviors were analyzed and explained by the various energy transfer coefficients calculated by the theoretical model we developed.
The model was then used to study Na between a pair of Er 3þ ions and, thus, this quenching mechanism does not depend on energy migration among donor ions. For this reason, the low-dimensional doping scheme does not suppress the quenching mechanism as strongly as in the previous example of BaMgAl 10 O 17 :Eu 2þ , Mn 2þ , where the dominant quenching mechanism is energy transfer to defects. To further illustrate this point, we showed that significant enhancements in up-conversion efficiency are possible in a hypothetical up-conversion phosphor, where energy transfer to defects is the main quenching mechanism. This study led us to an important conclusion that the low-dimensional doping affects most significantly the energy transfer processes involving energy migration over donors and is less effective when energy hopping over donors is weak or nonexistent. It therefore points to a new direction in phosphor development, where substantial enhancements in phosphor efficiency could be obtained by using lowdimensional doping in material systems, with energy transfer to defects as the dominant quenching mechanism.
